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Abstract—This paper presents a robust control approach for 
semi-active suspensions with electrorheological (ER) dampers 
considering system parameter uncertainties and control input 
constraint. By representing the suspension with parameter 
uncertainties in a polytopic form and applying a norm-bounded 
approach to handle control input constraint, the design of this 
controller is derived as solving a finite number of linear matrix 
inequalities (LMIs) with optimised H∞ performance on ride 
comfort. Numerical simulations on a quarter-car suspension 
with an ER damper are performed to validate the effectiveness 
of the proposed approach. The obtained results show that the 
designed controller can achieve good suspension performance in 
spite of the variations on sprung mass and ER damper time 
constant with limited control input. 
I. INTRODUCTION 
HE vehicle suspension is an important component that is 
used to support the vehicle weight, to provide effective 
isolation of the chassis from road excitations, to keep tyre 
contact with the ground, and to maintain the wheels in 
appropriate position on the road surface. Active and 
semi-active suspensions are now attracting a lot of attention 
in both academia and industry for improving vehicle ride 
comfort and road holding [1,2]. In particular, semi-active 
suspensions offer desirable performance enhanced by active 
suspensions without requiring high power consumption and 
expensive hardware. Therefore, semi-active suspension using 
magneto-rheological (MR) dampers [3-6] or electro- 
rheological (ER) dampers [7-11] have been studied by many 
researchers in recent years.   
Since some parameters are inherently uncertain for a 
vehicle suspension system, such as the vehicle sprung mass, 
whose value varies with the loading conditions like the 
payload and number of vehicle occupants, the performance of 
an active or semi-active suspension will be significantly 
affected if the parameter uncertainties are not considered in 
the controller design process. Robust control strategy has 
been proposed to deal with the parameter uncertainties like 
sprung mass uncertainty, damper time delay or time constant 
uncertainty, etc., [5, 9, 12]. On the other hand, for a 
semi-active suspension with MR or ER dampers, the control 
input current/voltage or electric field sent to the dampers is 
 
Manuscript received February 28, 2009. This work was supported in part 
by the Australian Research Council under grant DP0773415.  
Haiping Du is with School of Electrical, Computer and 
Telecommunications Engineering, University of Wollongong, NSW 2522, 
Australia. (phone: 61-2-42214610; e-mail: hdu@uow.edu.au).  
Nong Zhang is with Faculty of Engineering, University of Technology, 
Sydney, Australia. (e-mail: nong.zhang@uts.edu.au). 
always limited. In spite of its limitation in practice, most 
studies on semi-active suspensions with MR or ER dampers 
did not consider this control input constraint into the 
controller design process such that the desired control 
performance can not be fully realised once the designed 
controller is implemented in practice.  
This paper takes a semi-active suspension with ER 
dampers as an example to present a robust controller design 
approach that aims at improving ride comfort while 
considering sprung mass and ER damper time constant 
uncertainties and control input constraint. In this paper, 
parameter uncertainties on sprung mass and ER damper time 
constant are represented in a polytopic form and the control 
input constraint nonlinearity is handled by a norm-bounded 
approach. The controller is designed to improve the 
suspension ride comfort performance by optimising the H∞ 
performance of the transfer function from the road 
disturbance to the sprung mass acceleration. The sufficient 
conditions for designing such a controller are derived in terms 
of linear matrix inequalities (LMIs) which can be solved very 
efficiently by means of the most powerful tools available to 
date, e.g., Matlab LMI Toolbox. The proposed controller 
design approach is validated by simulations on a quarter-car 
suspension with an ER damper. Simulation results show that 
the designed controller can achieve good suspension 
performance regardless of the sprung mass and damper time 
constant variations with constrained control input. 
II. PROBLEM FORMULATION 
A. Electrorheological Damper Model 
A cylindrical type of ER damper, which is applicable to a 
middle-sized passenger vehicle, was designed and 
manufactured in [9]. The ER damper can produce additional 
damping force owing to the yield stress of the ER fluid if a 
certain level of the electric field is supplied to the ER damper 
and this damping force of the ER damper can be continuously 
tuned by controlling the intensity of the electric field. The 
damping force of the proposed ER damper is given as [9] 
e p e p ERF(t)= k x (t)+c x (t)+ F (t)                                            (1) 
where is ek  the effective stiffness due to the gas pressure, ec  
is the effective damping due to the fluid viscosity, ( )px t  and 
( )px t  are the excitation displacement and velocity, 
respectively, and ( )F t  is the field dependent damping force 
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which is tunable as a function of applied electric field. Taking 
the dynamic characteristic of ER damper into account, the 
controllable damping force is expressed by 
b
ER ER p r p
LF (t)= F (t)+(A - A )2 aE (t)sgn(x (t))
h
τ −               (2) 
where τ  is the time constant of damping force. It was 
experimentally identified by 380 ms for the studied ER 
damper. pA  and rA  represent piston and piston rod areas, 
respectively. Sgn(.) is a sign function, L  is the electrode 
length, h  is the electrode gap, and ( )E t  is the electric field. 
The α  and β  are intrinsic values of the ER fluid to be 
experimentally determined. Since the dynamic motion of ER 
fluid between the inner and outer cylinder of the ER damper 
can be regarded as flow mode, the intrinsic values α  and β  
of the employed ER fluids are experimentally determined by 
using the flow mode type electroviscometer. In this study, the 
field-dependent yield stresses of the ER fluid which was 
experimentally obtained by 1.55565.2E (t) Pa, where the unit 
of ( )E t is kV/mm, is used.                         
B. Quarter-car Suspension Model 
In this study, a quarter-car suspension model as shown in 
Fig. 1. is used for the controller design and performance 
evaluation, where sm  is the sprung mass, which represents 
the car chassis; um  is the unsprung mass, which represents 
the wheel assembly; sc  and sk are damping and stiffness of 
the passive suspension, respectively; tk  and tc  stand for 
compressibility and damping of the pneumatic tyre, 
respectively; ( )sz t  and ( )uz t  are the displacements of the 
sprung and unsprung masses, respectively; ( )rz t  is the road 
displacement input; ( )sF t  represents the control force, 
which is provided by ER damper placed between sprung mass 
and unsprung mass of vehicle suspension.  
The state-space equation of the quarter-car suspension 
model is written as: 
1 2( ) ( ) ( ) ( )x t Ax t B w t B u t= + +                                               (3) 
where 
[ ]( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) Ts u u r s u ERx t z t z t z t z t z t z t F t= − −
( ) ( )rw t z t=  is the road disturbance, ( )u t is the bounded 
control input to ER damper. In a real application, the control 
input to ER damper can be bounded as ( ) ( ( ))u t sat u t= , 
where ( ( ))sat u t is a saturation function of control input 
( )u t and is defined as 
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Fig. 1. Quarter-car suspension model. 
 
lim, lim
lim lim
lim, lim
( )
( ( )) ( ), ( )
( )
u if u t u
sat u t u t if u u t u
u if u t u
⎧− < −
⎪= − ≤ ≤⎨
⎪ >⎩
                        (4) 
where limu  is a control input limit. The control input ( )u t  
applied to the ER damper has the following semi-active 
condition imposed  
( ) ( )( ( ) ( )) 0
( ( ))
0 ( )( ( ) ( )) 0
u s
u s
u t if u t z t z t
sat u t
if u t z t z t
− >⎧
= ⎨ − ≤⎩
                 (5) 
The control input is used to determine the input electric field 
applied to the ER damper by  
1
( ) ( )
2 ( )p r
hE t u t
L A A
β
α
⎡ ⎤
= ⎢ ⎥
−⎢ ⎥⎣ ⎦
                                              (6) 
The matrices in (3) are defined as  
 
0 0 1 1 0
0 0 0 1 0
10
1
10 0 0 0
s s s
s s s s
s t s s
u u u u u
k c c
m m m mA
k k c c
m m m m m
τ
−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
− −⎢ ⎥
⎢ ⎥=
⎢ ⎥
−⎢ ⎥
⎢ ⎥
⎢ ⎥
−⎢ ⎥
⎣ ⎦
,
1
0
1
0
0
0
B
⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
,
2
10 0 0 0
T
B τ
⎡ ⎤= ⎣ ⎦
. 
It is noted that the vehicle sprung mass sm  is often varied 
due to the change of loading conditions in practice and the 
time constant τ  of ER damper can be slightly altered by 
some conditions such as operating temperature. Taking the 
varying parameters sm  and τ  into account, the suspension 
model is becoming a parameter dependent model as 
1 2( ) ( ) ( ) ( )x t A x t B w t B u tθ= + +                                                  (7) 
where Aθ  is a function of  θ  which is a varying parameter 
vector. Since sprung mass sm  and ER damper time constant 
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τ  can only vary in a bounded space in practice, Aθ   can be 
constrained to a polytope given by  
4 4
1 1
: , 1, 0, 1, , 4i i i i
i i
A A A iθ θ ρ ρ ρ
= =
⎧ ⎫
ϒ = = = ≥ =⎨ ⎬
⎩ ⎭
∑ ∑ where ρ  
does not necessarily represent the actual varying parameter 
vector θ  but there exists a linear relationship between θ  
and ρ  that can be easily determined from the physical model 
whenever θ  affects affinely the linear system. 
In order to avoid the large number of inequalities problem 
involved in the controller design, the norm bounded approach 
is used to handle the saturation nonlinearity defined in (4). 
Hence, the (7) will be written as: 
1 2
1 2
2
1 2 2
( ) ( ) ( ) ( )
1  = ( ) ( ) ( )
2
1 ( )  
2
1= ( ) ( ) ( ) ( )
2
x t A x t B w t B u t
A x t B w t B u t
B u u t
A x t B w t B u t B v t
θ
θ
θ
ε
ε
ε
= + +
+
+ +
+⎛ ⎞+ −⎜ ⎟
⎝ ⎠
+
+ + +
                         (8)  
Where 0 1ε< < . 1( ) ( )
2
v t u u tε+= −  
And, we have the following lemma. 
Lemma 1 For the saturation constraint defined by (4), as 
long as lim
uu
ε
≤ , we have 
1 1 ,
2 2
u u uε ε+ −− ≤   
and hence 
21 1 1 ,
2 2 2
T
Tu u u u u uε ε ε+ + −⎡ ⎤ ⎡ ⎤ ⎛ ⎞− − ≤ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎝ ⎠
 
where 0 1ε< < . 
III. ROBUST ONTROLLER DESIGN 
The robust controller for the uncertain suspension (3) is 
designed as 
( ) ( )u t Kx t=                                                                       (9)  
where K  is the state feedback gain matrix to be designed.  
Since ride comfort is an important performance for a 
vehicle suspension design, and ride comfort usually can be 
quantified by the sprung mass acceleration, the sprung mass 
acceleration is chosen as the control output as  
( ) ( ) ( )sz t z t Cx t= =                                                             (10) 
where 10s s s
s s s s
k c cC
m m m m
⎡ ⎤
= − −⎢ ⎥
⎣ ⎦
. 
It is noted that other suspension performances like road 
holding ability and suspension deflection limitation can be 
easily included in the proposed controller design process 
which will be presented in the next section by using the 
constrained control idea [13-15]. However, for simplicity and 
comparison purposes, this paper only focuses on ride comfort 
performance without loss of generality. 
And, in order to design a controller to perform adequately 
in a wide range of manoeuvres, the 2L gain of the system is 
defined as 
2
2
( ) 0 2
( )
( )supzw w t
z t
T
w t∞ ≠
= ,                                                         (11) 
where 2
2 0
( ) ( ) ( )Tz t z t z t dt
∞
= ∫ , 22 0( ) ( ) ( )
Tw t w t w t dt
∞
= ∫  
and the supermum is taken over all non-zero trajectories of 
the system with (0) 0x = , is chosen as the performance 
measure. The goal is to design a robust controller (9) such that 
the uncertain system (8) with controller (9) is quadratically 
stable and the 2L  gain (11) is minimised. 
Lemma 2 For any matrices (or vectors) X  and Y  with 
appropriate dimensions, we have 
1T T T TX Y Y X X X Y Yκ κ −+ ≤ +  
where 0κ >  is any scalar. 
To derive the conditions for designing the controller (9), 
we now define a Lyapunov function for the system (8) with 
(9) as 
( ( ))  ( ) ( )TV x t x t Px t=                                                        (12)                      
where P is a positive definite matrix. By differentiating (12), 
we obtain 
1
2 2
1
2 2
( ( ))  ( ) ( ) ( ) ( )
( ) ( )
( ) 1 ( ) ( )
2
( ) ( )
( )  1 ( ) ( )
2
T T
T
T
V x t x t Px t x t Px t
A x t B w t
Px t
B u t B v t
A x t B w t
x t P
B u t B v t
θ
θ
ε
ε
= +
+⎡ ⎤
⎢ ⎥= +⎢ ⎥+ +
⎣ ⎦
+⎡ ⎤
⎢ ⎥+ +⎢ ⎥+ +
⎣ ⎦
  
By Lemma 1, Lemma 2, and definition (9), we have 
2 2
1 1
-1
2 2
1 1
( )
( ) ( )1 1
2 2
( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
T
T T
T T T
T T T
T T T T
V t   
A P PA
x t  x t
B K P  PB K
w B Px t x t PB w
v t v t x t PB B Px t
x t x t w t B Px t x t PB w t
θ θ
ε ε
κ κ
≤
⎡ ⎤+ +
⎢ ⎥
+ +⎢ ⎥⎛ ⎞ +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
+ +
+ +
≤ Θ + +
              (13) 
where 
2 2
2
1
2 2
1 1
2 2
1      + ,
2
T
T
T T
A P PA B K P  PB K
K K PB B P
θ θ
ε ε
εκ κ −
+ +⎛ ⎞Θ = + + +⎜ ⎟
⎝ ⎠
−⎛ ⎞ +⎜ ⎟
⎝ ⎠
 
and κ  is any positive scalar. 
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Adding  2( ) ( ) ( ) ( )T Tz t z t w t w tγ−  to both sides of (13) 
yields 
2
1
2
( ) ( ) ( ) - ( ) ( )
( )
( ) ( )
( )*
T T
T
T T
V t z t z t w t w t
x tC C PB
x t w t
w t
γ
γ
+
⎡ ⎤Θ + ⎡ ⎤⎡ ⎤≤ ⎢ ⎥ ⎢ ⎥⎣ ⎦ − ⎣ ⎦⎣ ⎦
               (14) 
Let us consider 
1
2 0*
TC C PB
γ
⎡ ⎤Θ +
Π = <⎢ ⎥−⎣ ⎦
,                                           (15)  
then, 2( ( )) ( ) ( ) - ( ) ( ) 0T TV x t z t z t w t w tγ+ ≤ and the 2L gain 
defined in (11) is less than 0γ >  with the initial condition 
(0) 0x = . When the disturbance is zero, i.e., 0w = , it can 
be inferred from (14) that if 0Π < , then ( ( )) 0V x t < , and 
the system (8) with the controller (9) is quadratically stable. 
Pre- and post-multiplying (15) by diag ( )1P I−  and its 
transpose, respectively, and defining 1Q P−= , Y KQ= , the 
condition 0Π < is equivalent to 
2
2
2 1
1
2 2
2
1 
2
1 1
02 2
*
T T T
T
T T
QA A Q Y B
B Y Y Y B
B B QC C Q
I
θ θ
ε
ε εκ
κ
γ
−
+⎡ ⎤+ +⎢ ⎥
⎢ ⎥
⎢ + − ⎥⎛ ⎞+ +Σ = <⎜ ⎟⎢ ⎥⎝ ⎠⎢ ⎥
⎢ ⎥+ +
⎢ ⎥
−⎣ ⎦
. 
By the Schur complement, 0Σ < is equivalent to
2
1
2
1
2 2
2
1
2
 
1
2
1
2
0.
2* 0 0
1
* * 0
* * *
T
T T
T T
T
QA A Q
Y B
Y QC B
B Y
B B
I
I
I
θ θ
ε
ε
κ
κ
ε
γ
−
−
⎡ ⎤+
⎢ ⎥
+⎢ ⎥+
⎢ ⎥
⎢ ⎥+⎢ ⎥+
⎢ ⎥
Ψ = <⎢ ⎥+⎢ ⎥
⎢ ⎥⎛ ⎞−⎢ ⎥⎜ ⎟−⎝ ⎠⎢ ⎥
⎢ ⎥−
⎢ ⎥
−⎢ ⎥⎣ ⎦
 
By the definitions 
4
1
i i
i
A Aθ ρ
=
= ∑ , and the fact that 0iρ ≥  
4
1
1i
i
ρ
=
=∑ , 0Ψ <  is equivalent to  
2
1
2
1
2 2
2
1
2
 
1
2
1
2
0
2* 0 0
1
* * 0
* * *
T
i i
T T
T T
T
QA AQ
Y B
Y QC B
B Y
B B
I
I
I
ε
ε
κ
κ
ε
γ
−
−
⎡ ⎤+
⎢ ⎥
+⎢ ⎥+
⎢ ⎥
⎢ ⎥+⎢ ⎥+
⎢ ⎥
<⎢ ⎥+⎢ ⎥
⎢ ⎥⎛ ⎞−⎢ ⎥⎜ ⎟−⎝ ⎠⎢ ⎥
⎢ ⎥−
⎢ ⎥
−⎢ ⎥⎣ ⎦
          (16) 
On the other hand, from (9), the constraint limuu
ε
≤  can 
be expressed as 
lim( ) .uKx t
ε
≤                                                                      (17)     
 Let
2
lim( ) ( ) ( ) ( )T T uK x t x t K Kx t
ε
⎧ ⎫⎪ ⎪⎛ ⎞Ω = ≤⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭
, the 
equivalent condition for an ellipsoid 
( ) { }, ( ) ( ) ( )TP r x t x t Px t rΩ = ≤  being a subset of ( )KΩ , 
i.e., ( ) ( ),P r KΩ ⊂ Ω  is: 
21
limT uPK K
r ε
−
⎛ ⎞⎛ ⎞ ≤⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠                                                     (18)     
By the Schur complement, inequality (18) can be written as 
2 1
lim
1
0
*
i
u PK
r
P
r
ε
−
−
⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎢ ⎥ ≥⎢ ⎥⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
                                                    (19) 
Using the definitions 1Q P−= and Y KQ= , inequality (19) 
is equivalent to  
2
lim
1
0
*
u Y
r Q
ε
−
⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟ ≥⎝ ⎠⎢ ⎥
⎢ ⎥⎣ ⎦
                                                  (20)
The minimisation of γ can be realised as 
        min γ  subject to (16) and (20). 
This problem can be solved very efficiently by means of 
the Matlab LMI Toolbox software. 
IV.  NUMERICAL RESULTS 
In this section, the proposed approach is applied to design a 
robust state feedback controller for a quarter-car suspension 
with an ER damper. The quarter-car suspension model 
parameter values and the parameter values for an ER damper 
[9] used in the simulation are listed in Table 1. 
 
Symbol Value Unit Symbol Value Unit 
sm  250 kg pA  0.00071 m
2 
um  29.5 kg rA  0.00025  
sc  946 Nm/s L  0.258 m 
sk  20580 N/m H  0.00075 m 
tk  200000 N/m tc  0 Nm/s 
Table 1. Parameter values of quarter-car suspension model and ER damper. 
 
In the study, we suppose the input electric field to the ER 
damper is limited to E  as 4 kV/mm. The sprung mass is 
assumed to be varied within 30 % of its nominal value and the 
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ER damper time constant can vary about 30 % of its 
experimentally identified value. A controller is designed for 
the quarter-car suspension model using the approach as 
proposed in previous section. 
In the time domain analysis, we consider the road condition 
as an isolated bump in an otherwise smooth road surface. The 
corresponding ground displacement for the wheel is given by 
02( ) 0.035 1 cosr
vz t t
D
π⎛ ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠
                                 (21) 
where 0.8D =  m is the width of the bump, 0 3.08v =  
km/h is vehicle forward velocity.  
For the nominal sprung mass and the given ER time 
constant, the bump responses under the road disturbance (21) 
for the sprung mass acceleration, sprung mass displacement, 
and tyre deflection are shown in Fig. 2 for the passive 
suspension and the designed semi-active suspension. The 
electric field sent to the ER damper is also plotted in the 
figure. It is observed from Fig. 2 that the designed controller 
significantly improves suspension performance in terms of 
peak response values compared to the passive suspension. 
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Fig. 2. Bump responses for nominal sprung mass and time constant.  
 
The robustness of the designed controller is validated by 
changing sprung mass and ER damper time constant as 
different values. For brevity, one example that uses sprung 
mass sm =325 kg and time constant τ =494 ms is presented. 
The bump responses are shown in Fig. 3 for both the designed 
semi-active suspension and the passive suspension. It can be 
seen from Fig. 3 that good performance is still obtained for 
the designed semi-active suspension even when sprung mass 
and damper time constant are varied from the their nominal 
values.  
To further illustrate the robustness of the designed 
controller, the peak response ratios between the designed 
semi-active suspension and the passive suspension under 
bump road disturbance (21) are calculated as the sprung mass 
changes from 175 kg and 325 kg. The ratio values against 
sprung mass are plotted in Fig. 4, where it can be seen that the 
designed semi-active suspension maintains lower ratios 
regardless of the large variation on sprung mass. Similarly, 
when the ER damper time constant changes from 266 ms to 
494 ms, the bump peak response ratios between the designed 
semi-active suspension and the passive suspension against 
ER damper time constant are plotted in Fig. 5. It can be seen 
from Fig. 5 that lower ratios are nearly kept regardless of the 
variation on damper time constant though the ratios are 
slightly increased with the increase of time constant. Figs. 4-5 
indicate that the improvement on suspension performance can 
be maintained by the designed semi-active suspension for 
large changes on load condition and damper time constant.  
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Fig. 3. Bump responses for different sprung mass and time constant. 
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Fig. 4. Ratio vs sprung mass. 
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Fig. 5. Ratio vs time constant. 
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In the frequency domain analysis, the output sprung mass 
displacement transmissibility are shown in Fig. 6 for both 
semi-active suspension and passive suspension for nominal 
sprung mass and time constant. It can be seen that the 
designed semi-active suspension improves the frequency 
response compared to the passive suspension, in particular, in 
the neighborhood of body resonance (around 1.4 Hz). 
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Fig. 6. Sprung mass displacement transmissibility for nominal sprung mass 
and time constant (line with square mark is for passive suspension, line with 
star mark is for semi-active suspension). 
 
Similarly, the frequency domain performance of the 
designed semi-active suspension is further checked by 
comparing the output sprung mass displacement 
transmissibility when the sprung mass sm =325 kg and time 
constant τ =494 ms, as shown in Fig. 7. It can be observed 
from Fig. 7 that the designed semi-active suspension keeps 
improving frequency response even when the sprung mass 
and time constant are different from the designed values.   
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Fig. 7. Sprung mass displacement transmissibility for different sprung mass 
and time constant (line with square mark is for passive suspension, line with 
star mark is for semi-active suspension).  
V. CONCLUSION 
In this paper, we present a robust controller design 
approach for vehicle suspension with ER damper. The sprung 
mass variation, ER damper time constant uncertainty, and 
control input constraint are considered in the controller 
design process. To deal with these problems, a polytopic form 
is used to represent the suspension with parameter 
uncertainties and the norm-bounded approach is used to 
handle the control input nonlinearity. The sufficient 
conditions for designing such a controller are derived as 
LMIs using a two-step procedure. Numerical simulations are 
used to validate the effectiveness of the proposed approach. It 
shows that the designed controller is insensitive to the 
parameter variations and can keep good suspension 
performance under constrained control input. 
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